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ON  THE  UPPER  AND  LOWER  CLASSES  FOR  STAT¬ 
IONARY  GAUSSIAN  RANDOM  FIELDS  ON  ABELIAN 
GROUPS  WITH  A  REGULARLY  VARYING  ENTROPY1 

By  J.  M.  P.  Albin 

Center  for  Stochastic  Processes  and  University  of  Lund 

We  give  a  complete  and  relatively  explicit  characterization  of  the  upper 
and  lower  classes  for  a  general  stationary  Gaussian  random  field. 


1.  Introduction.  We  shall  assume  that  our  probability  space  (f?,E,  P) 

is  complete  and  that  {£(t)}<er  is  an  3?-valued  separable  stochastically 
continuous  standardized  Gaussian  random  field  on  a  pseudo-metric  un¬ 
bounded  space  (T,  p)  equipped  with  an  abelian  group-operation  4-  such 
that  the  covariance  r(s,t)  =  E{£(s)£(f)}  satisfies  r(s  +  u,  t  +  u)  =  r(s,t) 
for  s,f,u  €  T  and  whose  bounded  subsets  are  totally  bounded  in  the 
cannonical  pseudo-metric  d(s,  t)  =  [E{(£(f)~ £(s))2  J]1/2.  We  also  define 
the  entropy  Ns(e )  as  the  minimum  number  of  closed  <£-balls  Oc  of  radius 
e  needed  to  cover  SCT  and  Ms(e)  as  the  largest  n  for  which  there  exist 
<1, . . .  €  5  satisfying  d(t{,tj)  >  e  for  each  i  ^  j,  and  we  write  P0{S} 

=  sup{P{£}  :  SD3e  E),  P°{5}  =  inf{P{£}  :  SC  B  €  E},  $  for  the 
standard  Gaussian  d.f.,  <?  =  1— 0-oo  =  0,  Sp(t,e)  =  {s € T  :  />(s,f)<e}, 
S(t,e)  =  {s£T  :  d(s,t)<e}  and<x(t,e)  =  sup{0Vr(s,  t)  :  s  6  T— Sp(t,  e)}. 

In  view  of  recent  tight  tail-estimates  for  local  suprema  (over  d-compact 
sets)  of  general  Gaussian  random  fields  (cf.  e.g.,  [1],  [2],  [3],  [16]  and 
[21]),  it  seems  motivated  to  study  also  the  global  behaviour  of  suprema. 
Here  the  only  tractable  approach  seems  to  be  upper  and  lower  classes: 

Let  be  the  class  of  functions  tp:T—>  [— oo,  oo].  Provided  that  a(t,  A) 
— ►  0  not  too  slowly  as  A  — »  oo  we  prove  a  zero-one  law  for  the  sets 

E(ip)  ={ui£f2  :  the  set  {t  £T:  £(u>;  t)  > is  p- unbounded},  ipZ'E. 

We  also  give  an  explicit  characterization  of  when  the  different  values  for 
P {E(xp)}  occur,  i.e.,  we  determine  the  upper  and  lower  classes  for  £(f). 

Related  work  are  e.g.,  [5],  [6],  [10],  [13],  [14],  [15],  [17],  [19]  and  [20], 

2.  Main  result.  Our  main  result  is  the  following  theorem. 

THEOREM  1.  Assume  that  there  exists  an  Re( 0,  \/2)  such  that 
(2.1)  lime|0  NoR(xe)/NoR(e)  <  oo  for  some  x£( 0,1), 

Supported  by  Air  Force  Office  of  Scientific  Research  Contract  No.  F49620  85C 
0144  and  by  Kungliga  Fysiografiska  Sallskapet. 

AMS  1980  subject  classifications.  Primary  60F15,  60F20,  60G10,  60G15,  60G17. 

Key  words  and  phrases.  Upper  and  lower  classes,  LIL,  Gaussian  random  fields. 
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and  such  that  to  each  C>  0  and  s  £  X  there  exists  an  increasing  sequence 
{£a(n)}£L0,  with  f>,(0)  =  0  and  lim„^oo  Q3(n)  =  oo  for  s€T,  satisfying 

(2.2)  sup  £  ^s/^e.(n+i))(tf)exp{— C/<7(s,£4(n))}  <  oo. 

»€T  {n>0  :  <r(a,e,(n))>0} 

Then  E(iJ))€E‘  with  P{E(xp)}  zero  or  one  for  each  &  and  moreover 

(2.3)  P{£(V>)}=0  o 


for  some  covering  Sn  =  S(tn,  rn),  n  =  1, 2, . . . ,  of  T  with  rn<R  for  all  n. 

Remark  1.  Note  that,  by  (2.2),  given  e  >  0  and  to  €  X,  r(t,t0)  <  £  for 
p(Mo)  >  &  and  &  large,  which  yields  S(to,  y/2(l  —  e))  C  ^('o,  &).  Thus 
is  d- totally  bounded  for  S  <  \/2  so  that  (2.1)  makes  sense  and  each 
covering  (5(tn,rn)}  of  X  with  rn<R  is  infinite. 

PROOF:  I  4=  I  We  have,  for  e  <6<  R/ 3,  (since  iVs(e)  <  Ms(e)  <iVs(e/ 2)), 


M0t{e)<N0({e/ 2)  < 


(£/2)  ^ _ NpR(e/ 2) _ 

MOH/3(2d+2£)  -  NoRm/NOR(R/Zy 


and  this  inequality  trivially  extends  to  £  <  S  <  R.  Writing  l  for  the  smal¬ 
lest  integer  having  x~l  >8 8/e  and  K\  =  supe>0  NpR  {xe)/NOR(e)  (<oo 
by  (2.1)),  we  readily  get  K[  <  Ki(86 / Kl / x ,  and  thus 


(2.4)  M0,(e)<N0,{c/2)<NOR(R/3)l[':=\NoR(iSxl*')/NOR(4Sxk) 

<  Ki NOK(R/3)(S6/e)~ lo*  K)  1  lo* 1  for  £  <  6  <  R. 


Now,  by  (2.4),  lim^o  loglog  JVoR(e)/  log(l/e)  =  0  so  {£(t)}teoR  has 
an  a.s.  bounded  version;  cf.  [7],  [8]  and  [18].  Since  Nsp(t0,6){R)  <  °°  for 
t0£X,  d>0,  ^-separability  yields  that  {£(*)}«€S,,(<o.<5)  *s  a-s-  hounded  so 

E{suP<6S,((0,«)^)2}  ^  2E{(suPtes,(t0,«)£(*))2}  <  °°; 

cf.  [8],  [9]  and  [11].  Since  £(f)  is  stochastically  continuous  we  get 

d(t,U?<  £2  +  /c.(«(t)-f((o))VP  <  £2+4/GiSup,6S((,„i5){(()2<iP  -  £2 

as  p(Mo)— ► 0,  where  Ge  =  {uef2  :  |£(o>; f)-£(u;; t0)\ > e},  so  d(t,t0)—>Q 
as  p(t,to)-+0.  Hence  d-opens  are  p-open  and  so  {£(t)}tgr  is  d-separable. 
In  view  of  £(t):s  (trivial)  d-stochastic  continuity  it  follows  readily  that 
any  countable  d-dense  subset  of  Oe  is  a  separator  for  {£{t)}teo,  • 

Take  a0  =  min{(l  —  i1^2)1/2/4, il/2}  and  t  €  X,  let  Co  =  {t}  and  let 
Cn  be  a  (a/u)xn-net  in  S(t,  a/u)  with  d(sj ,  s2 )  >  ( a/u)xn  for  Cn3  S\^ 
S2  £  Cn,  so  #Cn  <  Mo„/u({a/u)xn).  Write  pn  =  (1  — x1/2)x^n-1^2  and 
C  =  U^L0Cn  and  choose  tn(s)  €  Cn  with  d(t„(s),  s )  <  (a/u)xn  for  s  G  C. 


2 


Then  £(s)  =  £(*)+X]^=1[f(<n(s))— f(*n-i(s))]  for  some  N  for  each  sEC. 
Adapting  [4,  the  proof  of  Theorem  6]  to  the  present  context  we  get 

{£(s)>u  +  l/u,  f(t)<u} 

N 

—  U  {^(^n('S))  —  £(tn-l(s))  >pn/u ,  £(tn(s))  >  u,  ^(tn-l('3))<  U  +  l/u}. 

n=l 


Thus,  since  d(tn(s),  *„_i(s))  <  d(tn(s),  s)+d(s,  <„-X(s))  <  2(a/u)x(n_1), 
(2.5)  P{sup,€5(<a/a)f(s)>u  +  l/u,  £(t)<u} 

=  p{Usec{^(5)>u+1/u}>  £(0<u} 

oo 

<  E  E  E 

n— 1  *i€C„_i  sjgCnn5(ji,2(a/u)xn_1) 

P{^(-S2)~^(-Si)>pn/w,  £(-S2)>U,  f(si)<U  +  l/ti}. 

Now  take  a  E  (0,ao]  and  u  >  1  so  that  r(s1,32)  =  1  —  d(s! ,  s2)2/2  > 
1  — 2(a/u)2  >  1/2  for  d(si,s2)  <2 (a/u)xn~1 ,  which  yields 

-  4(“/“)2i2(n'',2«  <  pn/(2«> 


for  £(si)<it  +  l/u.  Hence  we  have,  for  d(si,s2)  <  2(a/u)xn_1, 
(2.6)  P{^(5^)-^(5i)>pn/u,  £(s2)>u,  £(si)<u+1/u} 

<  P{^(-S2)-r(5i,52)_1^(si)>p„/(2u),  f(s2)>u} 
V2r(si,s2)pn/(2u )  \ . (  l-x1/2 


=  <P\ 


V1  +  r(s1,s2)d(sl ,  s2 ) 


i))2(u)-2(: 


8ax(n-1)/2 


I®"). 


Combining  (2.4)-(2.6)  we  conclude  that,  uniformly  for  u>l,  as  ajO, 
(2.7)  f(«)_1P{sup36S(ta/u)^(s)>u  +  l/u,  £{t)<u} 


^  E%/»((a/«)in  1 


o°  /  i  _ _l/2  \ 

<  K*No,(R/3)2 „51(128l'")'l°8'f'/''>8'2(^(^Iv3')  =  O(a). 


Arguing  as  for  (2.5)  for  7?u(s)  =  2u  +  l/u  — f(s)  we  deduce  for  future 
use  that,  by  (2.4),  (2.6)  and  symmetry,  jjniformly  for  u>  1,  as  a  J.0, 

(2.8)  ?£(u)-1P  {inf  ,gs(<,a/«)  £(s)  <  u,  £(0>w  +  l/u} 

=  2(u)-1  P{sup,eS(t  a/u)  r lu(s)  >  u  +  1/u,  TJu(t)  <  u} 
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<  ^(u)-1  E  E  E 

n=l  3iCC„_i  *J€C„nS(jl,2(a/u)i"-1) 

’P{Vu(S'2)-'nu{si)>Pn/u,  1lu{si)>U,  Tfu(si  )  <  U  +  1/u  } 

=  £(“)-1  EE  E 

n=i  si£Cn-l  j26CnnS(s1,2(a/u)rn-1) 

P{£(5i)-f(52)>Pn/u,  £(sj)^u>  f(s2)<u  +  l/u}  =  o(a). 
In  order  to  proceed  we  observe  that,  by  (2.4),  for  a  <  1  and  8<R, 

’  N0,(ae)INo,  («)  <  A^o.  («)  <  JV0„(  Ji/3)(8/<.)-  to*  *■ /] lo*  *,  £  <  H, 
No,(aE)<NoR(aR)<KiNOR(RI3)(Sla)-'°*K'l'°*‘NoMX  £>«• 

Further  u  —  2/u  =  u  >  >  1  for  u  >  2,  so  that  u  +  l/u  <  u,  and  #(u)  < 

jr<t>(u)  <  ^e2^(u)  <  |e2^(u),  where  <^(u)  =  (27r)-1/2  exp{—  u2/2}.  Now 

P{SUPagS(t,a/U)£(S)  >  «  +  l/“»f(0  <  u}  <  £(u)  for  U>1 
for  some  sufficiently  small  a€(0,  ao]  (cf.  (2.7)).  Hence  we  conclude 

p{  sup  f(s)>ul  <JV0{(a/u)[p{  sup  £(s)  >u,£(t)<v\  +  P{Z{t)>u} 

ls€Of  >  L  *‘SeS(t,a/u)  }  J 

<iV0<(a/u)[p{  sup  £(s)>fi  +  l/tt,£(<)<£ij  +  #(u) 

L  ^  a€S(t,a/u)  J 

<fe2^1iVc,/l(fl/3)(8/a)-|ogA'l/IogIiV0s(l/u)^(u) 
for  u>2,  <5<i2,  so,  with  K2  =  fe2KlNOR(R/3)(8/a)-lo*K''lo*I/$(2), 
(2.9)  p{  sup  £(s)  >ttl  </’ST2Aro4(l/(lVu))£(lVu)  for  6  <R  and  all  u. 

1j€0,  > 

Assume  that  the  sum  (2.3)  is  finite  for  a  covering  {Sn}  =  {5(f„,  rn)} 
of  T  with  r„  <  R.  Taking  m  =  sup{p(ti ,  tn)  :  1  <  n  <  J)  where 

T,n=jNOrn{( 1  Vinf igSn^Or1)^!  Vinf^sXO)  <  e/K2, 

completeness  yields  that  E(xp)(zF  with  P{£,(t/>)}  =  0  since,  by  (2.9), 

P°{E(ip)}  <  P°{f(<) >xp(t),  for  some  with  p(ti,t)>m+/Z} 

<  p{U{„:p«l)tn)>m}{^(0>inf.es„  0(«),  ^  some  tGS„}} 


<  v  uj  *(t))-’)*(i  vtw  m) 


<  £. 


E  Write  £({Sn}  ;  ip)  for  the  sum  (2.3)  and  assume  that  £({Sn};  V’)  = 
oo  for  each  covering  Sn  =  S(tn,rn),  n  =  1,2,...,  of  T  with  rn  <  i?. 
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Taking  t0  €  T  and  2  <  «i  <  t*2  <  . . .  with  P{sup(6S^to  n)  £(t)  >  un}  < 
n~2  (recall  that  {^(0}«€S<,(t0,n)  is  a.s.  bounded),  the  function  t p*(t)  =  Ui 
for  <eSp(<o,  1)  and  ij>*(t)  =  un  for  <€  Sp(t0,  n)  —  Sp(to,  n  —  1),  n>  2,  has 

P °{E(xp*)}  <  limn^oo  P°{Z(t)>ip*(t),  for  some  1 6  T-Sp(to,  n)}  =0. 

Clearly  P0{AUS}  <  P°{A}  +  P0{B}  so  that  P0{£(r/> At/>*)}  =  P 0{E(^) 
UE(ip*)}  <  Pc{ £(*/>)}  and  so,  by  completeness,  it  suffices  to  prove  that 

(2.10)  <p(t)  =  (^(t)A0*(t))V2  has  P0{£(y>)}  =  1. 

Take  a  (p/u)-net  {siJJLj  in  0$  with  d(si,Sj)>p/u  for  Si^Sj.  Since 

(2.11)  MotMkp/u)(p/u)  =  Mos^kflu)((26)A(p/u)) 

<  K,  JV0,(R/3)  (8  $$$,)' - 'og  ’ 

< A"i NoR(R/3)(8k)~ Iog *"* / ,og x  for  <5<fl,  *>1 
(again  using  (2.4)),  and  since,  by  arguing  as  for  [5,  Eq.  2.16],  for  x,y>0, 

(2.12)  P{£(s)>x,((t)>y}<  $(±d(s,t)x)  $(y)  +  £(fd(M)y)  £(x) 
for  all  values  of  r(s,  t )  (although  [5]  only  treat  0  <  r(s,  t)  <  1),  we  obtain 

E,#Jp{£(si)>u,  {(«>)>«} 

n  [2fiu /p] 

<2#(u)E  E  E  ^(2rf(5«,5i)U) 

*=1  fc=l  {l<j<n:fcp/u<d(j;,s;)<(ifc+l)p/u} 

<  2n$(u)KiNoR(R/3)  E  (8(A:  +  1))_1°8  ftl/logr  $(^kp)  <±n£(u) 

fc=i 

for  u  >  0,  6  <  R  and  for  some  p>  1  (not  depending  on  <5).  Since,  by  (2.4), 

No,( l/«)  <  N0tA{p,u)(S/\(l/u))No,{6^(p/u)) 

<  A^iVOR(/?/3)(8p)-lo8Kl/Io8rn  for  <5<J? 
we  conclude,  taking  K3  =  | A'1-1iYoH(il/3)-1  (8p)108  Kl//logI, 

(2.13)  P{supteO^(0>u}  >  P{sup1<,<n^(s,)>«} 

>n${u )  -  Ei/>P{^(5«)>U>  £(5>)>u} 

>  A'3 Aroj(l/u) #(u)  for  u>0  and  6<R. 
Now,  combining  (2.9)  and  (2.13)  we  get,  for  each  choice  of  {Sn}, 

(2.14)  AT2E({Sn};^)>  E  p{  sup^(<)>  inf  ¥>(<)} 

n=l  Mes„  ‘€S„  J 
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>  £  P{  sup^(<)>  in<fV>(<)A^*(0}p{  sup£(0>2| 

n=l  *-«eS„  *€5«  J  lt6Sn  J 

>  A'3£(2)  E({5n};V’)  =  OC. 

Let  r(  =  sup{r  >  0  :  r  inf  jgs(/)r)  ‘^(■s)  <  °}  f°r  °  €  (0, 1],  t  €  T,  so  that 
a/rp*(t)<rt  <  a/2.  Taking  <5fcTr£  with  Sk  infae5(ttijt)  <p(s)  <  a  we  get 

{a/(infa6S(<,rt)  V?(«))>  Hm  a/(inf,6s(li£it)  y?(s))>  lim  Sk=rt, 

a/0“f*€5(i,rt)  a/(in^es((,r,+e)  y(«))  <l£imr(+£  =  r(. 

Ordering  S  =  {>lCT:>l3.s^fE>l=^  d(s,  i)  >  rs  A  rt }  partially  by 
A<B  ACB,  a  chain  {.AQ}C5  has  upper  bound  U{AQ}  so  that,  by 
Zorn’s  Lemma,  S  has  a  maximal  element  C.  Here  C:s  maximality  readily 
yields  U<gc  St  =  T,  where  St  =  S(t,rt).  Further,  since  #CnSp(t0,n)  < 
Ms,(t0,„)(a/un)<oo,  we  have  #C<N0  and,  by  (2.14),  £({St};i/>)  =  oo. 
Writing  <^t  =  infjgst  i p(s)  we  therefore  obtain,  by  (2.4)  and  (2.15), 

(2.16)  £<€C— 0 Pt)  —  ^  h\NcR(R/i)  -^s,  (flrt)^(v5<)  —  00  • 

Now  let  <^^  =  vjt  +  l/v?t,  Jt  =  {u>eft:  £(u ;;t)  ></?*,  infJgs,  £(w;s)><pt} 
and  =  {f  GC  :  m  <  p(f0,  f)  <  N}.  Letting  J£  “indicate”  Jt  we  get 

(2.17)  Po{A(<^)}=Po{  D  U  U  {^(u;;«)>¥’(5)» for some sest}[ 

Km=lN=mt€C%  } 

{oo  oo  N 

n  u  >0} 

m= 1 N=m 

>  lim  lim  fl  +  Var{  £  A}/(e{  £  A})  ]  , 

ni— *oo  *oo  L  ^  ^ 

where  we  used  Holder’s  inequality  as  in  [5].  Now  write 

=  puw>v>;.«w>»>;}-p{fw>«>;}l’W()>*>r}  f°rs,f<=c 

and  note  that,  by  arguing  as  above,  >  §e-2$(v?<)  so  that,  by  (2.8), 

E{/,}  =  4(»>r)-P{«0>*>?.  inf.es,  «(*)<*>■}  >&<T,«¥>i)  for  i€C 

and  a<ai,  for  some  aj  G(0,  i?j  (not  depending  on  t).  Since,  by  (2.8), 

V&r{ £<ec*  A}  <  £  L,«  +  2^;)P{{(t)>V?,  inf**  €(«)<*.} 

2 

=  £s,<€C£  °(a)(£tSC*  )) 

(see  also  [5]),  (2.16)  and  (2.17)  combines  to  show  that  it  suffices  to  prove 
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(2.18)  Umm_MlmN^00(53,if€Cj!,Ai,i,)/(5]*€cj;^(v»«))  <  0  for  a<a{. 
Now,  given  an  integer  k>  1,  partition  C %  xC^  into 

d(s,t)>R ,  0<r(5,t)<fc_1[(v?*)2+(9?<)2]-1}’ 

d(s , <) > /?,  r(s, <) > *-»  [K*)2  +(^?)2]-1 } , 

0  <d(s,t)<R,  r(s,  t)  >0,  \y3<yt  <2v?a}, 
0<d(.s,t)<7?,  r(s,  t)  >  0,  </3t>2(^s  or  <^s>2^t}, 
d(s,t)>0,  r(s,t)<0}, 
s=t}. 

Arguing  as  for  [5,  Eq.  2.12]  we  then  readily  get 

el,W 4>W*s)<j>{^*t)  <  16e1/(2fc)  §jVs)$(vt) 

9s/2Rk 


^m,JV  =  {(•*>  *) 

Ckm%  ^  {(*,0 

Cm,N  =  |(5’  0 

^m,IV  =  {(5’  0 
^m,N  =  {(5’  *) 
l^rn.N  -  {(5i0 


(2.19)  /Z#|l< 


\/2R  k  (p3<Pt 

Further  we  have,  by  arguing  as  for  [5,  Eq.  2.13], 

R\rt? 


for  (8,t)€C%'N. 


H„,t  <  ^  exP | ~ ~  |  for  and  d(s,t)>R. 

Observing  that  x  exp{  —  Cx2}  <  (2C)-1/2  and  taking  g  corresponding  to 
C  =  f?2/(48fc)  in  (2.2)  we  thus  obtain,  by  (2.4)  and  (2.15),  for  s6C£(, 

E 


< 


4  $&,)  y*  V 

3\/nR 

v  *=2  n  =  0  {tGC^:^<<<^4-l,i?,(n1<pf.ve)<4?#(n  +  l),r(s,O>0} 


< 


8tr>m  E  E  MS,(,,c.(n+i))(a/(^  +  1)) 

V  07T/1  t=2  {n>0:ff(J,e,(„))>0} 


< 


sf&R? 


xexp{-^}exP{-j^))} 


{n>0:  tr(«,(?#(n))>0} 
oo 


x  A',W0*(fl/3)E(W+1)/a) 


-  log  K 1  /  log  I 


exp 


(-2 


{-£}■ 
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Since  £t€c-  $(<Pt)  <  NSf(to,m){a/um)${um)  <  oo  so  that,  by  (2.16), 
lim/v—oo  Yltpc"  £iVt)  =  oo,  we  readily  deduce,  by  (2.2)  and  symmetry, 

(2.20)  Umw_w(E(.tO6C‘^/1*.0/(E,6C/l[^i))2=O  for  a<Ql. 
Clearly  we  have,  by  (2.12)  and  (2.15),  for  s€C%, 

E 

{t£C»-.(»,t)ecl  ,N, *,>*.) 

OO 

s£  £ 

t=  1  {teC%:(a/(2<fi.)<d(s,t)<RM(t+l)a/(2v.)),vt<2v.) 

2  S(v>,)^(|d(3,0v?») 

OO 

<  2^,)EMOHA((<+1)a/(^))(aA2^*))^(^a)’ 

e=i 

and  using  (2.11)  and  symmetry  we  thus  get  (since  YltpcN  QiVt)  —*  oo) 

(2.21)  for  a<a,. 

Further  we  have,  for  s  GC^,  by  [12,  Theorem  4.2.1]  and  using  (2.4), 
(2.15)  and  the  facts  that  <p3>2  and  that  x0  exp{  —  Cx2  }  <  {/3/(2C))0^2 , 


E 

{feC*:(att)€C<  .,,*,>2*.} 

OO 

s£  £ 

(=2  {t€C£:<V.<^t<(f4-l)y.,r(s,t)>0,0<d(M)<R} 


r(s,t) 


\/2n  d(s,  t)y/l  +  r{7~i) 


exp 


f  (¥>:)a+(v>n 2 1 

l  2(l  +  r(a,<))  J 


<  £^iM0.(«/((f+1)v.))-P{-^d} 

<  *(v>)  y;  iMgM  expf 

-  3^a(8*(mWa)lo8'W'‘,|!I  l 


oo  at  /p/oW9  loftK,  xl-logR,/logrJ 

<  g(v.)  £  - -exp{-(^-3)}, 

and  using  symmetry  we  thus  get  (again  since  ^2t(:CN  #(v?«)  — »  00) 
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(2.22)  lirB/v-  jol^a.oec^  „  ^s.0/(2<ec*  — (^f ))  —  0  for  a<at. 
Finally,  oy  [12,  Theorem  4.2.1],  p3lt<0  for  r(.s,  £)<0,  s^t,  so  that 


(2.23)  lhn^v—oo (^(*,06^^  N  ^*.t)/(S«6C^  ^(<r><))  —  0 
and  moreover 

V'' 

1 


(2.24)  lim  - j=  lim  -  _  ^ 

N-+  OO  (E<€C^  ${Vt))  L>tec"  £(<Pt) 


=  0 


for  a  <  a  i , 


for  a<G]. 


Combining  (2.19)-(2.24)  we  see  that  (given  a<ai)  the  left  hand  side 
of  (2.18)  is  at  most  (9(1//;),  and  so  (2.18)  follows  from  sending  /■']'  oo. 

Corollary  1.  Assume  the  hypothesis  of  Theorem  1  and  that  d  is  a 
metric  and  ( T,d )  locally  compact.  Then  there  exists  an  invariant  ( w.r.t. 
+ )  Haar-measure  g  on  (T,  d):s  Borel-sets  with  g(Of)<  oo  for  8  6  (0,  \/2). 
If  further  A  is  any  version  of  this  Haar-measure,  then  P {E(rl>)j  =0  i.f.f. 


(2.25)  £  [l  +  AfO.JWo,,^1  Vurf  0(0)'’)]  2(l  Vmf  m)  <  °° 

for  some  covering  Sn  =  S(tn,rn),  n  =  1,2,...,  of  T  with  rn<R  for  all  n. 


PROOF:  An  easy  argument  yields  d-continuity  for  (s,t)—*t  —  s  so  that 
(T,  d,  +)  is  a  locally  compact  (Hausdorff)  topological  group  and  g  exists 
and  is  finite  on  compacts,  where,  by  Remark  1  and  local  compactness, 
Os  is  compact  for  8<  \/2.  Now  observe  that,  by  arguing  as  for  (2.4), 


KrNo^R/^Np^e)  h\NOR(R/3)2 \{Os)NOR(e) 

32iogft'i/iog  *N0r{8)  ~  32,ogR./logiA  (Or) 


for  e  >  0  and  6  <  R,  and  so  the  sum  (2.3)  is  finite  when  (2.25)  holds. 
Conversly  (2.25)  holds  when  the  sum  (2.3)  is  finite  since,  for  8<R, 


<  K,No„(R/3)No„(R/2)\(0„)  A-|W0,(B/3)2A(On)2 

-  l6log^/logrA(0(R/4)Afi)  ~  l6'°8ftI/'og*A((9Ji/4)A(^)' 


The  following  local  result  improves  on  [16]  and  [21]  (but  note  that 
they  also  treat  non-stationary  fields);  we  leave  to  the  reader  to  find  what 
conditions  in  Section  1  one  can  omit  without  violating  it’s  conclusion. 

COROLLARY  2.  Assume  that  there  exists  an  Re( 0,  \/2)  such  that  (2.1) 
holds.  Then  there  exist  constants  Ci ,  C2  E  (0,  oo)  such  that 
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r  <  p{suP>eo,  £(*)>“}  .  r 
1  -  N0l{(lVu)-')<P(u)  -  2 


for  u  G  5?  and  <5  €  [0,  /?] - 


If  in  addition  d  is  a  metric,  ( T,d )  is  locally  compact  and  A  is  a  version  of 
the  Haar-measure ,  then  there  exist  constants  Ci ,  C2  6  (0,  oo)  such  that 


C  <  p{suPfeQj  £(*)  >u}  <  c 

1  -  [l  +  A^iVo^lVii)-')]*^)  "  2 


for  u6  3f  and  <$€[(),/?]. 


For  homogeneous  spaces  which  in  a  certain  sense  are  finite-dimensional 
we  have  the  following  very  simple  criterion  for  (2.2)  to  hold. 

PROPOSITION  1 .  If  p(s-fu,  t+u)  =  p(  t)  for  s,  t,uG.T  and  if  there  exists 
a  function  f  :l R— >5?  such  that,  writing  Bt  for  an  open  p-ball  of  radius  e. 


(2.2G) 


1  < 


lim 

A— *00 


NBA  +  ,iA)(R) 

NbAR) 


< 


lim 

zl— >oo 


NBa+/(A)(R) 

NbJR) 


<  00, 


then  (2.2)  holds  if  1 7(e)  =  sup{0Vr(s,t)  :  p{s,t)>e}  satisfies 


(2.27)  lim^oo  o(A)  log  N8a{  R)  -  0. 

PROOF:  Take  e,y,A>0  with  1+e  <  NBt+f(x){R)/NBt{R)  <  y  for  x  >  A 
and  let  £>(0)  =  0,  f?(l)  =  A  and  g{n  +  l)  =  g(n)  +  f(g(n))  for  n  >  1,  so  that 

'v0„. ,„(«)/«„„„(/;)  =  nL,A,O„.*„(«)/w0„„(«)  >  (l+o"  -  =0 

as  n— >0 o,  which  yields  limn_oo  £>(n)  =  oo.  Taking  n0  such  that  cr{g(n)) 
x  log  Nc,ln)(R)  <  C/2  for  n>n0  we  now  readily  obtain 

s"P.srE|,>Q:,(,.,(,ii>.)  Ws,(..e<.+i>>(fl)«cp{"C/<7(3,0(n))} 

<E:’=,wB„„1(n)  +  Er=no^.,„t„(«)™p{-2iogA'8„„,(B)) 
<  E;=,  Ne„„{lt)  +  Er=„„  vNB„„{R)-'U+e)-'"-"  <  CO. 


3.  The  Euclidian  case.  Theorem  2  sharpens  [10]  and  [15]:  They  need 
a  stronger  condition  than  (3.1)  and  only  treat  (and  crucially  need)  t />(<)  = 
»/’( |t| )  with  4> :  [0,  00)  — » [0,  oc)  increasing  (a  meaningless  notion  on  general 
space),  which  makes  (3.3)  an  integraltcst.  and  proofs  totally  different.. 

THEOREM  2.  If{(k(t)}t^n  is  separable  stationary  standard  Gaussian,  if 

(3.1)  lim|t_a|_oo(0Vr(s.  <))  log|f-s|  =  0, 
and  if  there  exist  constants  n,  6,  C\ ,  C2  €  (0,  oc)  such  that. 

(3.2)  Ci\t-s\a  <l-r(s,t.)  <C2\t-s\°  fc-  0  <  |/  —  s|  <  A, 
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then  E(ip)£E  with  P {E(ip)}  zero  or  one  for  each  xp  and  moreover, 
writing  A  for  the  Lebesgue  measure  over  9?n,  we  have  P{E(ip)}  =0  i.f.f. 


(3.3) 


n=l 


2n/or 


i(i  v  mf  *(*)) 


<  oo 


for  some  covering  5„  =  S(tn,  rn),  n  =  1,2,...,  of  T  with  r„  <  1  for  all  n. 

PROOF:  Here  (T,  p,  +)  =  (9?n,  I  •  I,  +)  and  R—  1.  Take  ^1>0  with  r(0,  t ) 

<  |  for  |<|>zl  and  suppose  |t|-^0  as  d(0,t)-*0.  Then  inf{d(0,  t)  :  |t|> 
£»}  =  0  for  some  £>£(0,  A],  and  picking  s  with  |s|  >  q  and  d( 0, i)<^  we 
get  d(0,([^]  +  l)s)  <  1  so  r(0,  ([^]  +  l)s)  >  A.  This  is  a  contradiction 
since  l^sl  >  A,  and  so,  by  homogenity,  \t  —  s|  — ►  0  as  d(s,t )  — >  0.  Now 
pick  £>0  with  |<  — .s|<£  for  d(s,t)<p.  Then  (3.1)  readily  yields  that 

(3.4)  5|.|(<,(2C2)-1/Qe2/o')  C  S(t,e )  C  SH(t,  C;1/ae2/a)  for  e<6Ae. 

Thus  |  •  |-  and  d-topologies  coincide  so  we  have  stochastic  continuity,  |  •  |- 
boundeds  are  d-totally  bounded,  d  is  a  metric,  (T,  d)  is  locally  compact 
and  the  Lebesgue  measure  is  a  Haar-measure  on  (T,  d,  -f ).  Further  it  fol¬ 
lows  easily  from  (3.4),  since  S(t,  1)  C  5|.|(t,  Zl),  that  A”i£2n/“  <  iV0l(£) 

<  A'2£2n/“  for  £6(0, 1]  and  I\\Xn  <  Nbz{  1)  <  A^x"  for  x>r0,  for  some 
A"i,A"2,x0€(0,oo).  This  proves  (2.1),  (2.26)  and  (using  (3.1))  (2.27). 
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